We introduce a theoretical framework that predicts the optimum planting density and maximal yield for an annual crop plant. Two critical parameters determine the trajectory of plant growth and the optimal density, N opt , where canopies of growing plants just come into contact, and competition: (i) maximal size at maturity, M max , which differs among varieties due to artificial selection for different usable products; and (ii) intrinsic growth rate, g, which may vary with variety and environmental conditions. The model predicts (i) when planting density is less than N opt , all plants of a crop mature at the same maximal size, M max , and biomass yield per area increases linearly with density; and (ii) when planting density is greater than N opt , size at maturity and yield decrease with −4/3 and −1/3 powers of density, respectively. Field data from China show that most annual crops, regardless of variety and life form, exhibit similar scaling relations, with maximal size at maturity, M max , accounting for most of the variation in optimal density, maximal yield, and energy use per area. Crops provide elegantly simple empirical model systems to study basic processes that determine the performance of plants in agricultural and less managed ecosystems. E fficiency of agriculture will need to increase to feed the growing human population as arable land, water, and fertilizers become increasingly limited (1, 2). A relevant question is, What is the optimal density to plant seeds of an annual crop? The answer should be of interest to applied plant scientists who want to predict planting densities that maximize yields and to basic plant scientists who want to better understand the fundamental processes of growth and competition.
E
fficiency of agriculture will need to increase to feed the growing human population as arable land, water, and fertilizers become increasingly limited (1, 2) . A relevant question is, What is the optimal density to plant seeds of an annual crop? The answer should be of interest to applied plant scientists who want to predict planting densities that maximize yields and to basic plant scientists who want to better understand the fundamental processes of growth and competition.
Here we develop and test analytical models that predict the optimal seeding density that maximizes yield for annual crop plants. These models were inspired by theories and data on plant scaling relations (3) (4) (5) (6) (7) (8) (9) (10) . We modify the theories to model the growth and maturation of annual crops as a function of density and mature plant size. We evaluate the models using data from agricultural crops in controlled experiments in China.
Empirical and Conceptual Background
There is an intermediate seeding density for an annual crop that maximizes yield at harvest. When seeds are planted at lower density, yields are reduced because the plants grow to mature size without using all available resources. When seeds are planted at higher density, plants compete for resources and mature at smaller sizes; total yield declines because mature size per individual decreases faster than number of individuals per area increases.
The dynamics of crop production can be modeled as the outcome of four interacting processes. First, the growth of an individual annual plant from germination to maturity traces a sigmoidal trajectory that reflects allocation of energy and biomass to new tissue as a function of plant size. Second, size at maturity depends on density: Initially all plants grow at nearmaximal rates, but if individuals come into contact and compete for resources, growth is inhibited, and plants mature at smaller sizes. Third, maximal yield occurs at the optimal density where plants attain maximal size at maturity but are tightly packed and use all resources. Fourth, the optimal seeding density for different crops depends on the maximal body size at maturity. i) Growth in the Absence of Competition. Model. We assume that annual crop plants have been selected to grow to some asymptotic mature size before being harvested at the end of the growing season. Consequently most annual crops have vertical architectures with self-supporting stems and determinate growth.
We develop a simple logistic model, which quantifies how resources are allocated between production of net new biomass and maintenance of existing biomass. We use a logistic model
where m is body mass at time t, dm=dt is the growth rate (in units of mass per time), g is the intrinsic growth rate, and M mat is the mature or asymptotic mass. This equation predicts a classical sigmoidal curve, with growth slowing continuously as proportionately more resources are allocated to maintenance and ceasing at the mature asymptotic mass, M mat , when all resources are allocated to maintenance. The linear feedback term ð1 − m=M mat Þ is consistent with data that the rate of metabolic energy expenditure for maintenance (i.e., respiration) scales linearly with mass in small herbaceous plants growing under uncrowded conditions (6, 8, 9) . This model predicts a sigmoidal growth curve (Fig. 1A) , with the precise quantitative form depending only on g and M mat . The second derivative of Eq. 1 gives the familiar result that the maximal rate of mass change occurs at the inflection point where m = M mat =2, at half of mature mass. Plants growing according to this logistic model should exhibit trajectories that collapse around a single sigmoidal curve after normalizing for mature mass and growth time, using the equation
where the normalized mass, γ = m=M mat , is expressed as a function of the dimensionless time variable, η = gðt − cÞ, t is time from germination to maturity, and c is a constant for a given variety in a particular environment that defines the time required to grow to m = M mat =2.
Data. Fig. 1B shows growth curves for four annual crops: spring wheat, flax, corn, and Arabidopsis. Eq. 1 accurately describes the empirical growth trajectories. Whereas size at maturity varies nearly 500-fold from Arabidopsis to corn, intrinsic growth rates, g, vary only about 2-fold among these varieties growing in similar favorable environments. After using Eq. 2 to normalize for size at maturity, M mat , and time to maturity, t, growth curves for all four species collapse to cluster closely around the same predicted growth curve (Fig. 1C) .
ii) Effect of Competition on Growth. Model. For these crops, density is considered to be the seed-planting density under the simplifying assumptions that all seeds germinate and plants grow to maturity with no mortality. The optimal density, N opt , can be defined as the lowest density where competition for resources suppresses growth and the total biomass yield per unit ground area is maximized. Here we assume that water and nutrients are not limiting, so any competition is for light and occurs above ground. The method for estimating N opt empirically is presented in the next section (see also Figs. 3 and 4) . The effect of density and competition on growth has been modeled by Deng et al. (11) (see also ref. 12) , who developed two models, one based on biomechanics and the geometry of canopy packing and the other based on metabolic rate and resource use. Both models predict that (i) when planted at sufficiently low density, plants grow to maximal mature size without competition; (ii) when planted at higher density, plants grow until canopies are densely packed and all light is used, and they mature at whatever size has been attained (Fig. 2A) ; (iii) so there is some optimal density, N opt , at which plants attain maximal size but are densely packed so that all light is used; and (iv) under conditions of resource limitation and competition, when N ≥ N opt , size at maturity, M mat , varies with density, N, as
Data. Growth curves for two crops, spring wheat and flax, seeded at three different initial densities, are shown in Fig. 2B and Fig. S1 . At the lowest density, plants did not come into contact and they attained maximal size for the local growing conditions: The plant grows according to Eqs. 1 and 2, allocating a decreasing fraction of metabolic energy to growth and an increasing fraction to maintenance until all energy is allocated to maintenance and growth ceases at the mature or asymptotic size, M mat , at time t mat . The rate of change in mass, dm=dt (dashed curve) is maximal at the inflection point of the growth curve, which occurs at half of mature size, m = M mat =2, and at time c = t mat =2. (B) Data: Growth curves of four crop species (spring wheat, flax, corn, and Arabidopsis) fitted with the logistic model, Eqs. 1 and 2. Estimated values for the parameters M mat , g, and c and the r 2 -value for the fit of the model are given. (C) Data: After using Eq. 2 to normalize for size at maturity, M mat , and time to maturity, t mat , growth data for all four species and multiple seeding densities of wheat and flax cluster closely around a single theoretical growth curve. M max = 5.76 g and 4.40 g for spring wheat and flax, respectively. At the two higher densities, canopies came into contact and plants matured at smaller sizes: wheat at M mat = 1.62 g and 0.20 g and flax at M mat = 1.82 g and 0.54 g at intermediate and highest densities, respectively. Note that although mature mass varied by 28.8-and 8.1-fold in wheat and flax, respectively, intrinsic growth rate varied by only 3.2-and 2.0-fold. Data for wheat and flax planted at densities varying by more than three orders of magnitude, from uncrowded to densely packed, clustered closely around the same growth curve after normalizing for mature mass and growth time by using Eq. 2 (Fig. 1C) . Data supporting the predicted N −4/3 scaling of size at maturity when N > N opt are presented in Deng et al. (11) and in the next section (Fig. 3C ).
iii) Effect of Density on Size at Maturity, Biomass Yield, and Energy Use. Model. The above effects of growth and competition predict biphasic power-law scaling relationships for size at maturity, M max , as a function of seeding density, N: (i) Under uncrowded conditions, when N < N opt , initial planting densities are so low that the plants mature before coming into contact, and mature size is invariant, M mat ∝ N 0 ; whereas (ii) under densely packed conditions, when N > N opt , initial densities are so high that canopies come into contact before reaching maximal size, competition inhibits growth, and mature size decreases with density as M mat ∝ N −4=3 (Eq. 3 and Fig. 3 A and C). Biomass yield is defined here as total aboveground biomass at time of maturity or harvest. Yield per unit area, W, is simply mature plant size times density, W = M mat N, so substituting into the above relationships gives biphasic power-law scaling relationships: (i) When N < N opt , yield increases linearly with density, W ∝ N; and (ii) when N > N opt , yield decreases with density as
as shown in Fig. 3 B and D. The maximal yield, W max , is obtained at the optimal density, N opt , where the power-law scaling lines intersect. This is the density where canopies overlap just enough so that all light is used, but not so much that competition suppresses growth. So maximal yield
More realistically, there is a gradual transition between the two power-law relationships (red area in Fig. 3 A and B) as plants come into competition, canopies become increasingly densely packed, and growth is suppressed. Note also that biomass yield as defined here does not necessarily translate directly into yield of the desirable agricultural product, such as seeds, leaves, stems, or roots. Usually mass of these plant parts scales approximately linearly with aboveground plant mass (3, 13, 14) , but there may be wide variation, especially in unmanaged populations (e.g., ref. 15) . The rate of energy use per unit area by all plants, E, is equal to the energy use (or metabolic rate) per plant, B, times the density, E = BN. When N ≥ N opt , all resources are used and B ∝ M 3=4 (4, 6, 7, 11, 16) . Combining Eq. 3, the E can be expressed as
So once the plants are maximally packed, the rate of energy use per unit ground area is predicted to be independent of body size. Eq. 6 describes the phenomenon of "energy equivalence" that has been observed in many animal and plant communities (e.g., refs. 4, 11, 17, and 18). Data. Fig. 3 C and D shows data for plant size at maturity and biomass yield per unit area for spring wheat and flax planted at a wide range of densities. In both species, as density increases, plant size is initially invariant but then scales negatively. For wheat and flax, respectively, the fitted regressions have slopes very close to the predicted exponents: The model (Fig. 3B ) predicts that different crops growing under identical conditions but with different maximal size at maturity, M max , should trace out trajectories of yield as a function of planting density that (i) are linear, parallel, and separated in proportion to the difference in M max as long as N < N opt ; (ii) reach a maximum when
max , where M 0 is a constant that determines the value of M max for the given variety and growing conditions; and then (iii) converge and cluster closely around a common W ∝ N −1=3 "thinning line" when N > N opt . The empirical trajectories of biomass yield as a function of density for multiple crops and different growing conditions are shown in Fig. 4 . The correspondence to the predicted pattern is obviously very close. As seen in Table S1 , there is some variation, but the slopes for these crops are mostly very close to the predicted scaling exponents: maximal size, predicted = 1, overall mean = 0.96, and range = 0.92-1.04; and optimal density, predicted = −0.33, overall mean = −0.37, and range = −0.26 to −0.56.
Furthermore, most of the relationships are very tight: only 3 of 26 cases with r 2 < 0.9.
iv) Variation Among Varieties in Optimal Density, Maximal Yield, and
Energy Use. Model. The above framework can be applied to predict performance of different cultivars and species. We assume (i) all plants grow under identical conditions with sufficient water and nutrients so they compete only for light; (ii) intrinsic growth rate, g, is constant, because all plants have been selected for high growth rates and maximal yields; and (iii) maximal mature plant size, M max , differs among varieties reflecting artificial selection to produce different products for human use. From these assumptions and the equations in Table 1 , it follows that M max is the only variable affecting optimum planting density, maximal yield, and energy use per area. Because M max is the point where the two lines in Fig. 3A intersect, the equations in Table 1 (see above) . Second, we used total leaf mass as an estimate for rate of energy use, because the rate of whole-plant photosynthesis is directly proportional to the mass of leaves (6, 11, 16, 19) . The empirical scaling relations are plotted in Fig. 5 . The fitted regressions give slopes very close to the predicted exponents: −0.72 compared with −3/4 for optimal density, 0.28 compared with 1/4 for maximal yield, and 0.035 or 0.015 compared with 0 for energy, depending on the method of estimating energy use.
Discussion
The above models provide a simple conceptual framework to predict optimal seeding densities and maximal yields of annual crops on the basis of growth and competitive interactions of individual plants. The simplicity is due in part to highly constrained allometric scaling relationships (3) (4) (5) (6) (7) (8) (9) (10) (20) (21) (22) , which hold across a wide variety of plants, despite differences in phylogenetic affinity (monocots and dicots), growth form (canopy geometry and branching pattern), and physiology (C 3 and C 4 photosynthesis).
The simplicity is also due to our use of annual crop plants to inspire and test the theory. Two special features are especially important. First, in agroecosystems several variables that contribute importantly to variation in individual plant performance and population, community, and ecosystem phenomena are controlled: (i) age, because germination occurs near synchronously; (ii) local environmental heterogeneity, because tilling, fertilization, watering, and pest control are applied relatively uniformly; 
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Energy use rate per unit ground area,
and (iii) growing conditions, because plants growing in adjacent fields experience similar seasonality, sunlight, temperature, precipitation, soils, and other variables. Second, annual crops have been subjected to strong artificial selection to maximize yields of useful products and to grow rapidly with minimal mortality and mature at the end of a specified growing season. The artificial selection has resulted in determinate growth to some asymptotic mature size, which differs among varieties, for example being much larger in sunflower and corn than in wheat and flax. Because of these special features, annual crops can be thought of as "empirical models." They exhibit the most basic features of plant structure and function, which can be captured in the language of mathematical equations and used to account for emergent properties of stands growing under controlled conditions. Our simple models suggest that most of the variation in growth, competition, yield, and energy use of annual crops can be explained with just two parameters: maximal size at maturity, M max , and intrinsic growth rate, g. The substantial variation in M max -almost four orders of magnitude from Arabidopsis to sunflower-can be attributed to selection for different varieties to mature at different sizes to produce different products for human use. The fact that g varies only modestly among crops at our study site is likely due to artificial selection on fundamentally similar underlying biochemistry and physiology to maximize biomass production. Because intrinsic growth rates of different crops were relatively constant at our study site, nearly all of the variation in optimal density and maximal yield was explained by just the one parameter, maximal size at maturity, M max . Across all varieties, varying in mass by almost four orders of magnitude and differing conspicuously in form and function, the residual variation after accounting for M max was less than an order of magnitude (Fig. 5) . The correlates and causes of this as yet unexplained variation should be a profitable subject for future research. Also still needing to be addressed is the extent to which environmental conditions, such as light, temperature, precipitation, soils, and growing season, contribute to variation in both the intrinsic growth rate, g, and the maximal plant size at maturity, M max .
Many models have been used to characterize plant growth, most based on statistical goodness of fit to data (12) . Our logistic model of determinate growth for crop plants (Fig. 1 ) is based on a simple linear trade-off between growth and maintenance, so that growth stops when all resources are allocated to maintenance. This trade-off is consistent with the linear scaling of metabolic rate in small, mostly herbaceous plants growing under uncrowded conditions (6, 8, 9) . The prediction that the maximal growth rate, dm=dt, occurs at 1/2 of mature asymptotic mass is an important, testable, and empirically supported difference from models for growth in animals, based on energy allocation, where the metabolic rate scales as the 3/4 power of mass and maximal growth rate occurs at ∼1/3 of the asymptotic mass (23) (24) (25) . We do not have a ready explanation for this difference. There is a need for models and data like those for animals (22) (23) (24) , unicellular organisms (26) , and cities (27) , which incorporate the salient features of plant structure and function that affect allocation of energy and biomass to maintenance, growth, and reproduction.
Some agriculturalists may question whether simple mathematical theory based on first principles has useful applications for annual crops, and some ecologists may question whether models and data from simplified agroecosystems offer useful insights into the performance of "wild" plants in "natural" ecosystems. Time will tell, but we believe the answers will be affirmative. Annual crops are "real plants" and agricultural fields are "real ecosystems." The fact that many of the variables that give rise to more complicated structures and dynamics in less intensively managed systems are held constant or controlled in agricultural settings allows the mathematical models and experimental data for crops to serve as baselines for more complex emergent organizations in more "natural" plants and ecosystems. For example, our simple logistic model for determinate growth provides a starting point for more elaborate models for allocation to different tissues and structures in determinate annuals (e.g., roots of beets and carrots) and for models of indeterminate growth in perennials and some annuals (e.g., prostrate-growing cucurbits). Additionally, our models for biomass yield and energy use of crops assume that mortality and variation in plant size and age within a stand are negligible. These assumptions can be relaxed to account for more complicated situations, such as less intensively managed systems where variation in mortality and recruitment leads to emergent age and size distributions.
Additionally, much remains to be done to work out more precisely just how utilization of light is affected by the arrangement of leaves, both within a plant and among neighbors, and to understand the transition from linear to M 3/4 scaling of metabolic rate as increasing density results in crowding and competition. Crops offer the potential to study how these phenomena are affected by geometry, growth form, physiology, and environmental conditions. Indeed, the fact that optimal density, yield, and energy use of different crops within our site do not seem to be strongly affected by phylogeny/taxonomy, canopy structure, or photosynthetic type (Fig. 5) has potentially important implications for the performance of species with such different traits 
max , on the basis of the assumption that metabolic rate, B, scales with the 3/4 power of plant size (7, 11) , and (ii) using measured total leaf mass per unit area, which has been shown to be closely correlated to photosynthetic rate (16, 30) . Although scaling of energy use has been estimated in two different ways, the slopes (exponents) are very similar and close to the predicted value of 0. From these data we infer that at our study site and across all crop varieties, which span about four orders of magnitude in mass and differ conspicuously in taxonomy, growth form, and physiology, most of the variation in optimal density, maximal yield, and rate of energy use per unit area can be explained by just one parameter, maximal plant size.
growing in agricultural polycultures and coexisting in less intensively managed grasslands and forests.
Materials and Methods
The above models and tests are based on data from 26 field experiments and 18 different varieties/species grown under controlled conditions in the field at the Yuzhong Experimental Station, except for Arabidopsis in growth chambers (28, 29) , at the State Key Laboratory of Grassland and Agro-Ecosystems, Lanzhou University, Lanzhou, China from 2002 to 2011. Each density-manipulation experiment was designed to have otherwise identical conditions with at least eight different seed-sowing densities, from uncrowded (one plant per square meter) to dense packing and intense competition. The highest initial density of each variety varied from 2 × 10 3 seeds·m −2 in corn to 5 × 10 5 seeds·m −2 in Arabidopsis. There were three replicates for each initial density. This design ensured that differences in performance of plants within the same experiment can be attributed to seeding density and competition for light. Plots for the field experiments were 2 × 2 m for corn and sunflower and 1 m × 1 m for the other crops, surrounded in all cases by 0.3-m-wide buffer zones to minimize edge effects. Methods for Arabidopsis are described in detail in Wang et al. (29) . The data on growth were obtained by monitoring biomass, plant height, and stem and canopy diameter at intervals of about 2 wk from germination to maturation. For the highsowing densities (>500/m 2 ), mean dry mass was measured from 30 to 50 individuals sampled randomly in each plot (30) . For the low-sowing densities, plant height and basal stem density of randomly selected individuals were monitored over the growing season, and plant mass was estimated from allometric equations for mean dry shoot mass as a function of mean plant height or mean basal stem diameter. Biomass yield of each experimental replicate at each planting density was measured directly by destructive harvest at the end of the growing season when the crop had matured. Number of stems was counted and then leaf, stem, and reproductive tissues of harvested plants were separated, oven dried first at 115°C for 30 min and then at 65°C for 48 h, and then weighed (31) . The densities shown in plots of growth (Figs. 1C and 2B ) are seed-planting densities, whereas densities shown in plots of energy use and biomass yield (Figs. 3-5 ) are measured densities of plants at harvest. The data point for the figures in detail were presented in SI Materials and Methods.
All exponents were estimated as slopes of ordinary least-squares (OLS) regressions applied to log 10 -trnasformed data. Growth curves were fitted to our models and the parameters, M, g, and c, were estimated using Origin, version 8.0.
